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Comparison of Explicit and Traditional
Algebraic Stress Models of Turbulence
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A critical comparison of explicit vs traditional algebraic stress models of turbulence is made in an effort to
clear up the confusion that appears to have been generated by the recently published literature on the subject,
in which disparate approaches are adopted. It is shown theoretically that the only way that general second-order
closures can formally lead to fully explicit algebraic stress models, in a global sense, is in the limit of equilibrium
homogeneous turbulence. When these fully explicit models are then applied to turbulent flows that are far from
equilibrium, a singularity can arise, which can be removed by a systematic regularization. When solved explicitly
either analytically or numerically, the traditional, implicit algebraic stress models are shown to have either multiple
solutions or singularities, which tends to explain why they have had problems in applications to complex flows.
Thus, it is argued that traditional algebraic stress models are intrinsically ill-behaved and should be abandoned
in future applications in favor of regularized, explicit algebraic stress models. It is furthermore argued that these
should be based on the homogeneous equilibrium hypothesis, which allows for more general second-order closures

to be used to obtain single-valued models.

I. Introduction

ECENTLY, the usefulness of explicit algebraic stress models

of turbulence for the calculation of aecrodynamic flows of in-
terest has been demonstrated in a variety of test cases.!*2 These fully
explicit algebraic stress models are fairly new,> whereas the main
ideas behind algebraic stress models are more than 20 years old,
including the methodology for their explicit solution by integrity
bases methods.*5 Consequently, it is not surprising that there ap-
pears to exist some confusion in the literature concerning the status
and properties of these models. In addition, there seems to be a lack
of recognition of the ill-behaved properties of traditional algebraic
stress models that are implicit. The purpose of the present paper
" is to clarify these points. This clarification appears to be currently
warranted in light of the recent interesting work of Girimaji® (also
Durbin, private communication). Because algebraic stress models
formally constitute two-equation models, they are computationally
less expensive to implement than full second-order closures while
building in the physics of these more complex models in the sim-
plified equilibrium limit.

It will be argued in this paper that algebraic stress models can
only be made fully explicit—for general second-order closures, in
a global sense—in the limit of homogeneous turbulence in equilib-
rium. This is the approach adopted by Gatski and Speziale,? which
represented a departure from previous approaches. When the re-
sulting explicit models are then applied to turbulent flows that are
far from equilibrium, a singularity can arise. Hence, these mod-
els need to be regularized. When the traditional, implicit algebraic
stress models are solved explicitly in either an analytical or an itera-
tive numerical way, spurious multiple solutions or a singularity can
arise. Consequently, these traditional algebraic stress models are ill-
posed and also in need of regularization. Combining this with the
fact that algebraic stress models that are fully explicit in a global
sense (which is a crucial property for their ultimate application to
complex turbulent flows) are only rigorously obtainable from gen-
eral second-order closures in the homogeneous equilibrium limit,
it becomes clear that the new reguljarized, explicit algebraic stress
models are the preferred approach. Although some authors have ar-
gued that the need for regularization is a deficiency, it can rather,
to the contrary, be a virtue. It allows the model, through a formal
Padé approximation that regularizes, to match certain established,
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far from equilibrium limits without discernibly altering its near equi-
librium behavior where such models formally apply.

After first giving a definition of equilibrium turbulence, a sum-
mary will be provided on the derivation of explicit algebraic stress
models by means of the homogeneous equilibrium hypothesis. Then
explicit and traditional algebraic stress models will be compared,
and the issues just outlined will be addressed. These points will be
discussed in detail in the sections to follow, along with the implica-
tions for turbulence modeling.

II. Theoretical Background

Incompressible turbulent flows will be considered where the ve-
locity v; and kinematic pressure P can be decomposed into ensemble
mean and fluctuating parts as follows:

v = +ui,

P=P+p 0

The Reynolds stress tensor 7;; = u;u;

; is a solution of the transport
equation (cf. Ref. 7)

— + M —&; + DS +vV2g; ()
k

where D/Dt = 3/9dt + v - V is the mean convective derivative and

du; Ou; ou; du;j
m; =p|l —+—), =2 ——L 3
J p(ax,- + 8x,-) 8J v(axk 8xk) ( )

a
DS = _a_xk(uiujuk + Puidjr + pujdix) @
are, respectively, the pressure-strain correlation, the dissipation rate
tensor, and the turbulent transport term.

Homogeneous turbulence achieves an equilibrium state (which is
time independent) in the limit as the time ¢ — 00. This equilibrium
is characterized by nondimensional strain rates that are of order one
or less, a point that will be discussed in more detail later. Homoge-
neous turbulence in equilibrium and local regions of inhomogeneous
turbulent flows, where there is a production-equals-dissipation equi-
librium, satisfy the constraints

Dbij
—L =0
s ®
D] +vV’z; =0 (©6)
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where

2
Tij — §K8,'j
K ()]

is the Reynolds stress anisotropy tensor (K = %'ﬁ{ﬁ?is the turbulent
kinetic energy). In physical terms, this is an equilibrium for which
convective and transport effects can be neglected; it is the basic equi-
librium hypothesis used in the derivation of algebraic stress models.
However, it is only globally valid for homogeneous turbulent flows
that are in equilibrium. Inhomogeneous turbulent flows typically
only have very narrow regions where there is a production-equals-
dissipation equilibrium, e.g., the logarithmic region in turbulent
channel flow where models based on the homogeneous equilibrium
hypothesis do well.3
It follows directly from Egs. (5) and (7) that
D‘E,' j Tij DK

Dt ~ K Dt ®
and, hence, by making use of the contraction of Egs. (2) and (6),
one can show that

bij =

D‘E,' i _ Tij
5L =P - ©
where P = —1;;07;/9x; is the turbulence production and ¢ = %Eﬁ
is the (scalar) turbulent dissipation rate. The substitution of Egs. (6)
and (9) into Eq. (2) yields the following equilibrium form of the
Reynolds stress transport equation:
Tij av; av; 2
(P - 6‘)% = —ﬁka—x: - tjka_x;' +I0; — '3:83.'1' (10)

where the Kolmogorov assumption of local isotropy’ given by

™

&ij = 388,']' (11)

has also been applied. By making use of Eq. (7), we can rearrange
Eq. (10) into the alternative form in terms of the Reynolds stress
anisotropy tensor:

(P —ée)bi; = —%KS’.',' — K (biSk + bjuSix — %bmnsmnaij)

— K (bi®ji + bjxdu) + 31155 (12)

where
.1/ oy Y |
§o=o 22U, LY A L) 13
i 2(ax,- + ax,-) @i 2(ax,- o) 19

In virtually all of the commonly used second-order closure models
based on Eq. (2), IT;; is modeled in the general form

2;
m; = sA;j(b)+KMij,,,<b)5;—f (14)

(Refs. 8 and 9). The substitution of Eq. (14) info Eq. (12) yields a
closed system of algebraic equations for the determination of the
Reynolds stress anisotropy in terms of the mean:velocity gradients.
This constitutes the general form of the traditional algebraic stress
models.* These traditional algebraic stress models are implicit be-
cause the Reynolds stress tensor appears on both sides of the equa-
tion. To conduct the algebraic stress model approximation, a linear
form for IT;; is typically needed.

It has been shown that the most general nonlinear form of the
hierarchy of models (14) for two-dimensional mean turbulent flows
in equilibrium systematically reduces to the linear form

nij = _Clabij + Cngij + CgK(bikgjk + bjkgik
= 2bunSmndij) + CaK (bix®jx + bjxdir) @15)

(Refs. 10 and 11), where only the quadratic return term has been
neglected, which is typically small because it is directly propor-
tional to eb;;by;, and where C,—C; are constants that depend on
the specific model chosen. Speziale et al.! showed that a range
of strained two-dimensional homogeneous turbulent flows near
equilibrium can be collapsed using Eq. (15) with the constants

C, = 6.80,C; = 0.36,C3 = 1.25, and C4; = 0.40. Out of equi-
librium, the first two coefficients are functions of the ratio of pro-
duction to dissipation, P/¢, and the second invariant, /1, of b;;,
which makes the model in Ref. 10 weakly nonlinear. (These co-
efficients become constants in equilibrium yielding a linear rapid
pressure—strain model that is needed for the algebraic stress model
approximation.'®) Hence, by means of the homogeneous equilib-
rium hypothesis, it becomes possible to systematically conduct the
algebraic stress model approximation for nonlinear rapid pressure—
strain models.

The direct substitution of Eq. (15) into Eq. (12) yields the equa-
tion

bij = 387[(C2 — 3)8yj + (Cs — 2) (bueS e + b Six
= 2bpnSmndij) + (Ca — 2) (bisdjx + bjedou) ] (16)
where
g=1[(C1/2) + (P/e) — 11! a7

and T = K/¢ is the turbulent time scale. For homogeneous tur-
bulence, the turbulent kinetic energy K and dissipation rate ¢ are
solutions of the transport equations

K=P-¢ (18)
€ = Ca1(e/K)P — Caa(6*/K) (19)

where C,; and C,; are constants that, most recently, have assumed
the values of 1.44 and 1.83, respectively (cf. Ref. 10). In Egs. (18)
and (19), a superposed dot represents a time derivative [in homoge-
neous turbulence, K = K (¢) and ¢ = £(¢)]. Here, Eq. (18) is exact,
whereas Eq. (19) follows from plausible modeling assumptions for
homogeneous turbulence near equilibrium.!! Equations (18) and
(19) yield the equilibrium solution

P_Co-1
g Cyq-—1

The homogeneous equilibrium hypothesis, thus, makes use of the
standardly adopted dissipation rate transport equation.
If we introduce the dimensionless, rescaled variables

Sy, = 3812 - C1)Sy, o =Legr@—Cya; Q1)

by = [9:—3]1;,, (22)

(20)

4
c -4

(see Ref. 3), then Eq. (16) reduces to the simpler form
by = —8;;— (B S5+ b5 Sh — 3bYySdij) + by + byt (23)
which is linear in b;; by virtue of Eq. (20).

III. Explicit vs Implicit Algebraic Stress Models

The explicit solution to Eq. (23), for two-dimensional mean tur-
bulent flows by integrity bases methods, renders the form?

b =— 3
BT 322 + 682

1
X [S,: + kaw,’:j + S}kw,’:i - Z(kaS,’,‘j - SS,:}S,’&(S.,)] (24)
where
1 1
n=(S;55)", § = (o)’

For equilibrium turbulent flows, n and & are typically less than one,
whereas for 7, £ > 1, we have strongly nonequilibrium turbulent
flows that are rapidly distorted (where P/« is also much greater than
one). In more familiar terms, Eq. (24) is equivalent to the form

) 3 2 I
Tj = EK&'I' - w[mlﬁ?sﬁ +a28—2(Sikwk,-
_— K3/. - 1- -
+ Sjrw) — o SikSyj — §Sktsk£5ij (25)
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where ay, oy, and o3 are constants related to the coefficients C1—Cy
and g (see Ref. 3 for more details).

By virtue of the homogeneous equilibrium assumption, which
renders the constant value for P/¢ givenin Eq. (20), Eq. (24)is fully
explicit. When this expression is applied to inhomogeneous turbu-
lent flows that are out of equilibrium, which is typically done based
on a local, homogeneous equilibrium assumption, a smgulanty can
occur through the vanishing of the denominator (3 — 2n* 4 6£%)in
Eq. (24). Gatski and Speziale® introduced the simple regularization

3 N 3(1+n%)
3 _2n2 +6SZ 3+n2 +6§2772+6S2

(26)

which is obtained by a Taylor expansion that is a systematic approxi-
mation for n and & sufficiently less than one. For turbulent flows that
are near equilibrium, where Eq. (24) is formally validand , £ < 1,
this approximation yields results that are indistinguishable from the
original expression 3/(3 —2#n*+ 6£2), all within the framework of a
model that is regular and computable for all values of 7 and £. More
recently, Speziale and Xu'? conducted a formal Padé approximation
of the coefficient 3/(3 —2n>+6£2) that regularizes while building in
some limited agreement with the rapid distortion theory solution for
homogeneous shear flow that is strongly sheared where n, § >> 1.
Abid et al.2 conducted a heuristic Padé approximation that takes
the alternative, pragmatic view of maintaining a finite lower bound
for the eddy viscosity for numerical robustness. [On the other hand,
Eq. (26) yields a vanishing eddy viscosity as 7, £ — oo, which
can be numerically destabilizing.] Equation (24), with a regularized
expression for the strain-dependent coefficient 3/(3 — 2n? + 6£2),
constitutes the general form of the regularized, explicit algebraic
stress models based on the homogeneous equilibrium hypothesis.
They are in the form of anisotropic eddy viscosity models with
strain-dependent coefficients.

Traditional algebraic stress models have been based on the im-
plicit equation (12) wherein the Launder et al.!* model is typically
used [in Eq. (15), this corresponds to C; = 3.0, C; = 0.8, C; =
1.75, and C4; = 1.31]. Since P = —2Kb;;S;;, it follows that Eq.
(12) actually constitutes a coupled system of quadratic equations for
the determination of b;; when the homogeneous equilibrium hypoth-
esis, with its constant value for P/e¢, is not invoked. This leads to
the so-called consistency condltlon for P/¢. Multiplying Eq. (24)
by the quantity —2[(C; — ) /(C3 — 2)1tS;; yields the following
equation for P/e:

P_ BC=3)/[C-2%] ,
P 3 — 217 + 682 1 @n

where we have used the fact that S,*} S;‘k Sy; = 0 for two-dimensional

mean turbulent flows. Because, in general,

1

e 3Ci+Ple—1
as a result of Egs. (17) and (21), it follows that Eq. (27) leads to
a cubic equation for P/e (Ref. 6). This cubic equation has three
multiple roots (two of which are usually physically spurious), which
tends to explain why the traditional algebraic stress models have had
problems in applications to complex turbulent flows.

Equation (12) can be linearized in b;; by solving it iteratively as
follows:

[(Pre)® -

2 =(n+
(” l) —_— (n) ('l 1)
l]b,.j =-3 V85

e+ g+ D | ) G+ D) (+1) g+
‘E"[bik S b Sy 3b,:n Sun i

1 n+1)
m[pm+1) = (n+l) (n+1) (n+1) ij
-1 [b +by " oy ]+ 2 e (28)

as has been done in many computational applications of algebralc
stress models (cf. Ref. 14). In Eq. (28), K and ¢ in l'I("+ D are

evaluated at the preceding time step (n). This equation, which is
usually solved numerically by a matrix inversion, has the exact so-
lution

b*(n+l) 3 {S*(n+l) +S*(n+l) *(n+1) +S*(n+1)
»

T 3= 2n2 + 682
1
% (l):,(" +1) Z[S*(n+ I)S*(n+ n _ 3 S*(n+ l)s*('l + 1)3 ] ] (29)

where

S*(n +D sin+1)

ij

1
wf" 0 = LeMr @ — Cpaf T

b,-,,'(,,+1) _ C3 b(n+l)

*(n+l)S*(n+I)]1/2 and é. _ [w*(n+l)w*(n+l)]1/2

g(n)-r(n) 2-C )S

given that n =[S i
whereas g™ is evaluated with the value of (’P/a)(") at the preced-
ing iteration to linearize the system in b;;. It is thus clear that the
system can become singular when solved numencally in this fash-
jon through the vanishing of the denominator (3 — 252 + 6£2) in the
solution (29). The traditional implicit algebraic stress models are,
thus, intrinsically ill-posed when solved iteratively.

Recently, Girimaji® applied the consistency condition for P/e
and solved the cubic equation (27). (Although it was not directly
provided, this cubic equation was apparently solved numerically by
Pope.’) This equation has a general solution of the form

P
€

which has three distinct roots due to the fact that Eq. (27) is a cubic
equation. Girimaji® regularized the system by maintaining one root
while discarding the remaining two, which were deemed unphysi-
cal. This solution can then be substituted into Eq. (12), rendering a
linear system of equations for b;; that has a unique solution, which is
regular for all values of 7 and &. Unfortunately, however, the result-
ing solution for b;; (Ref. 6) is rather complicated and cumbersome
to use in applications. Furthermore, one can ask the question as to
what benefit is gained from this approach. It is only for homoge-
neous turbulent flows in equilibrium that the pivotal rapid pressure—
strain correlation for general second-order closures systematically
collapses to the general linear form given in Eq. (15), which is usu-
ally required to conduct the algebraic stress model approximation.
Thus, one is formally restricted by this approach to linear models
like that of Launder et al.,'3 which has been shown to perform in an
inferior manner to the newer nonlinear models, such as the model
inRef. 10, in a variety of benchmark flows. Additionally, it is rather
questionable to apply a consistency condition for P/e out of equi-
librium where the algebraic stress model approximation does not
formally apply in the first place. When one combines these points
with the fact that it is not completely clear which are the physically
spurious roots in complex flows, the author sees no advantage to
this approach.

P .
= ;(Sij, @;5) (30)

IV. Concluding Remarks

Explicit and traditional algebraic stress models of turbulence have
been critically compared in an effort to clarify the basic properties
and structure of these models. It was definitively demonstrated that
the traditional algebraic stress models, which are implicit in nature,
are fundamentally ill-behaved. They can give rise to either multiple
solutions or a singular system of equations in applications. Hence,
two major conclusions have been arrived at in this paper.

1) There appears to be no question that the traditional algebraic
stress models, which are ill-posed, should be abandoned in future
applications in favor of regularized, explicit algebraic stress models.

2) In the opinion of the author, this should be done with models
based on the homogeneous equilibrium hypothesis discussed herein,
which allows general second-order closures that are nonlinear in the
rapid pressure-strain correlation to be systematically used to extend
the range of validity of the models.
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Models for the pivotal pressure—strain correlation have been de-
veloped based on the underlying assumption that the turbulence is
homogeneous and in equilibrium.!! Furthermore, the homogeneous
equilibrium hypothesis constitutes the only assumption by which
the algebraic stress model approximation is globally valid. Although
these models are derived for homogeneous turbulence, they are then
bodily extended to inhomogeneous flows. The alternative of ap-
plying the consistency condition for P/e, with its cubic equation,
is fraught with problems as discussed herein. (A Renormalization
Group-based subgrid scale model was developed that ultimately had
to be substantially modified because the eddy viscosity was the so-
lution of a cubic equation.'®) The regularization that the models
must be subjected to, which can be systematically accomplished via
a Padé approximation, rather than being a deficiency, is a virtue that
allows the model to match certain far from equilibrium limits where
it would not normally apply, thus extending its range of applicabil-
ity. The traditional algebraic stress models are only formally valid
for turbulent flows that are near equilibrium and can yield erroneous
predictions when the departures from equilibrium are large. Thus,
the kind of extensions discussed in this paper are needed. Recently
published aerodynamic applications!+? based on this new approach
are quite promising, and further tests are currently underway.
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